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A NEW APPROACH TO REARRANGEMENTS
OF MAXIMAL OPERATORS

ANDREI K. LERNER

Abstract

A general, albeit simple, approach to obtaining rearrangement inequalities of maximal operators
is given. Being applied to specific operators it leads not only to new proofs of well-known relations
in a simpler and shorter way, but also to new, profitable results.

1. Introduction

Given a locally integrable function f on R
n , let Mαf , 0 � α < n, be the fractional

maximal operator defined by

Mαf(x) = sup
Q�x

|Q|α/n−1

∫
Q

|f(y)| dy,

where the supremum is taken over all cubes Q containing x. By a cube, we mean an
open cube with sides parallel to the coordinate axes. If α = 0 we get the classical
Hardy–Littlewood maximal operator; in this case, we drop the subscript α.

A well-known and important result states that for any f ∈ L1
loc(R

n ),

(Mf)∗(t) � cnf∗∗(t) (0 < t < ∞), (1.1)

where f∗(t) is the non-increasing rearrangement of f , and f∗∗(t) = t−1
∫t

0
f∗(ξ)dξ

(see [3] or [4, p. 122]).
A rearrangement inequality for the fractional maximal operator has been proved

fairly recently in [6]: for any f ∈ L1
loc(R

n ), we have

(Mαf)∗(t) � cα,n sup
t<τ <∞

τα/nf∗∗(τ) (0 < t < ∞), (1.2)

and this estimate is sharp in the sense that the converse holds for any spherically
decreasing function f . Since f∗∗(t) is non-increasing, inequality (1.2) coincides with
(1.1) if α = 0.

After that, in [8], a similar inequality was proved for the modified fractional
operator

Mα ;Af(x) = sup
Q�x

|Q|α/n−1�−A(|Q|)
∫
Q

|f(y)| dy,

where �A(t) = (1+ | log t|)A0χ(0,1] +(1+ | log t|)A∞χ(1,∞), and A = (A0, A∞) ∈ R
2.

The proofs of the above-mentioned inequalities in [3, 4, 6, 8] follow the same
approach: first, end-point estimates (based on covering theorems) for the corres-
ponding operator are established, and then a standard interpolation technique based
on the splitting of f into gt+ht is used, where gt(x)=max{|f(x)|−f∗(t), 0} sgn f(x).
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Note that such a decomposition was earlier used by A. P. Calderón [5] to show that
(Tf)∗(t) is majorized by f∗∗(t) for any sublinear operator T of weak type (1, 1) and
strong type (∞,∞) (see [4, pp. 185, 222] for the definitions). While this method is
good enough for the Hardy–Littlewood maximal operator, it is not that convenient
for operators like Mαf or Mα ;Af . For example, it gives (1.2) with cα,n ≈ c/(n−α)
(see [6]), while it is natural to expect that ca,n → 1 as α → n. Also, it is unclear how
to deal with rearrangements of maximal operators for which we have no information
about end-point properties. These limitations on the applicability of interpolation
necessitate a search for different approaches, based on the intrinsic properties of
maximal operators.

Observe that in the one-dimensional case for the one-sided maximal function,
inequality (1.1) was proved by F. Riesz [11] without any interpolation. The aim of
this paper is to provide an extremely simple way of dealing with rearrangements of
even much more general maximal operators, that does not rely on interpolation and
follows almost directly from the definitions. In particular, we obtain new rearrange-
ment inequalities for some non-standard maximal operators. New, simplified proofs
for Mαf and Mα ;Af are of considerable interest as well.

The outline of the paper is as follows. In the next section we give and prove the
main theorem, a specific property of a very wide class of set functions. We then
construct a family of set functions satisfying the hypothesis of the theorem, which
turns out to be useful in applications. In the last section, we apply the main result
to estimating known, as well as recently introduced, maximal functions.

2. Main result

We recall that the non-increasing rearrangement of the measurable function f
can be defined by

f∗(t) = sup{λ > 0 : µf (λ) > t} (0 < t < ∞),

where µf (λ) = |{x ∈ R
n : |f(x)| > λ}| is the distribution function of f [4, p. 39].

Let F be any non-negative set function defined on the collection of all sets of
positive finite measure. Define its maximal function by

MF (x) = sup
Q�x

F (Q),

where the supremum is taken over all cubes containing x.

Definition 1. We say that a set function F is pseudo-increasing if there is
a positive constant c > 0 such that for any finite collection of pairwise disjoint
cubes {Qi}, we have

min
i

F (Qi) � cF

(⋃
i

Qi

)
. (2.1)

Our main result is as follows.

Theorem. Let F be a pseudo-increasing set function. Then, for any t > 0,

(MF )∗(t) � c sup
|E |>t/3n

F (E), (2.2)

where c is the constant appearing in (2.1), and the supremum is taken over all sets
E of finite measure |E| > t/3n .
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Proof. For a fixed t > 0, consider a λ such that µM F (λ) > t. Choose a compact
subset K ⊂ {x : MF (x) > λ} with |K| > t. For any x ∈ K, there is a cube
Qx containing x and such that F (Qx) > λ. Applying an elementary variant of
the Vitali covering lemma (see, for example, [13, p. 12]) to the covering {Qx}x∈K ,
we obtain a finite collection of pairwise disjoint cubes {Qi} ⊂ {Qx}x∈K such that
|K| � 3n

∑
i |Qi |. Thus |

⋃
i Qi | > t/3n ; the constant 3n is attributed to the Vitali

lemma. Applying (2.1) yields
λ < min

i
F (Qi)

� cF

(⋃
i

Qi

)

� c sup
|E |>t/3n

F (E).

Taking the supremum over all λ for which µM F (λ) > t completes the proof.

It is easy to see that condition (2.1) cannot be removed in general. Indeed, let ϕ
be a bounded decreasing function on [0,∞) with ϕ(∞) = 0, and set F (E) = ϕ(|E|).
For any positive c > 0, one can find a family of pairwise disjoint cubes {Qi} for
which (2.1) fails. Next, MF ≡ ‖ϕ‖∞, and thus (MF )∗(t) = ‖ϕ‖∞. On the other
hand,

sup
|E |>t/3n

F (E) = ϕ(t/3n ),

and thus (2.2) does not hold for all t > 0, whatever c > 0 is chosen.
We now construct a general family of set functions F that satisfy (2.1) and are of

great importance in applications. Let ν be any non-negative Borel measure. Next,
let ω and g be non-negative functions defined on (0,∞). Assume that ω is sub-
additive, while g is quasi-decreasing with constant c > 0; that is, g(x1) � cg(x2)
whenever 0 < x2 < x1 < ∞. Set

F (E) =
ν(E)

(ωg)(|E|) . (2.3)

If {Qi} are pairwise disjoint cubes, then if we set A = mini ν(Qi)/(ωg)(|Qi |) we
clearly have

A(ωg)
(∣∣∣∣

⋃
j

Qj

∣∣∣∣
)

� Ac
∑

j

(ωg)(|Qj |) � c
∑

j

ν(Qj )

= cν

( ⋃
j

Qj

)
.

We have thus verified (2.1), which implies that (2.2) holds for the maximal function
generated by F . We will see that such F , as constructed above, give rise to a variety
of important maximal functions.

3. Applications

We first consider two examples of set functions of the form (2.3). We will need
the following elementary inequality [4, p. 44]:∫

E

|f(x)| dx �
∫ |E |

0

f∗(ξ) dξ. (3.1)
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Example 1. Let

F (E) = |E|α/n−1

∫
E

|f(y)| dy, 0 � α < n.

In this case MF = Mαf . Next, take

ν(E) =
∫
E

|f |, ω(δ) = δ1−α/n and g ≡ 1.

Here, ω and g are trivially seen to be sub-additive and quasi-decreasing (with the
corresponding constant c = 1), respectively. Applying (2.2) and (3.1), we obtain

(Mαf)∗(t) � sup
|E |>t/3n

|E|α/n−1

∫
E

|f(y)| dy

� sup
|E |>t/3n

|E|α/n−1

∫ |E |

0

f∗(ξ) dξ

� 3n−α sup
τ >t

τα/nf∗∗(τ),

and thus we have proved (1.2). Observe that in [6] this inequality was obtained
with the constant cα,n ≈ c/(n − α).

Example 2. Let

F (E) = |E|α/n−1�−A(|E|)
∫
E

|f(y)| dy.

Here, MF = Mα ;Af. Take ω = δ and g = �A(δ)δ−α/n . A simple analysis shows that
g is non-increasing on (0, δ1) and (δ2,∞), and non-decreasing on [δ1, δ2], where the
constants δ1 < 1 < δ2 depend on α, n and A. Therefore, g is a quasi-decreasing
function with constant c = g(δ2)/g(δ1). Applying (2.2) and (3.1) yields

(Mα ;Af)∗(t) � cα,n,A sup
|E |>t/3n

|E|α/n−1�−A(|E|)
∫
E

|f(y)| dy

� c′α,n,A sup
τ >t

τα/n �−A(τ)f∗∗(τ),

and we have proved the main result of [8, Chapter 3].

In the following examples, the corresponding set functions are not necessarily of
the form (2.3), but they still satisfy the main condition of our theorem.

Example 3. Given a Young function Φ (see [4, p. 265]), and α, 0 � α < n, let
Mα,Φf denote the fractional Orlicz maximal operator defined by

Mα,Φf(x) = sup
Q�x

|Q|α/n‖f‖Φ,Q ,

where ‖f‖Φ,E denotes the mean Luxemburg norm of f on E:

‖f‖Φ,E = inf
{

ξ > 0 : |E|−1

∫
E

Φ(|f(y)|/ξ) dy � 1
}

.

If α = 0, we simply write MΦf . In [1], the following generalization of (1.1) is
obtained:

(MΦf)∗(t) � cnf∗∗
Φ (t), where f∗∗

Φ (t) = ‖f∗‖Φ,(0,t).
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If α � 0, some end-point and weighted norm inequalities for Mα,Φf are proved
in [7].

Here we show that the rearrangement estimate of Mα,Φf can easily be obtained
by means of our theorem. To see this, consider the corresponding set function
F (E) = |E|α/n‖f‖Φ,E , which we will see satisfies condition (2.1). Clearly, it suffices
to check the validity of this condition with constant 1 for any two pairwise disjoint
sets. Let E1 ∩ E2 = ∅ and

A = min
(
|E1|α/n‖f‖Φ,E1 , |E2|α/n‖f‖Φ,E2

)
.

Then
A/(|E1 ∪ E2|)α/n < min

(
‖f‖Φ,E1 , ‖f‖Φ,E2

)
and, since Φ is increasing, for some ε > 0 we obtain∫
E1∪E2

Φ
(

|f(y)|
A/(|E1 ∪ E2|)α/n

)
dy �

∫
E1

Φ
(

|f(y)|
‖f‖Φ,E1 − ε

)
dy +

∫
E2

Φ
(

|f(y)|
‖f‖Φ,E2 − ε

)
dy

� |E1 ∪ E2|.
Therefore, A/(|E1∪E2|)α/n � ‖f‖Φ,E1∪E2 , which implies that (2.1) holds. Further,
it follows from (3.1) and from the properties of Φ that

‖f‖Φ,E � f∗∗
Φ (|E|).

From this and (2.2), we have

(Mα,Φf)∗(t) � sup
|E |>t/3n

|E|α/nf∗∗
Φ (|E|) = sup

τ >t/3n

τα/nf∗∗
Φ (τ).

Example 4. Given p and q, 1 � p, q < ∞, let Mp,q f denote the Lorentz
maximal operator defined by

Mp,q f(x) = sup
Q�x

1
|Q|1/p

‖fχQ‖p,q ,

where ‖ · ‖p,q is the usual Lorentz norm

‖f‖p,q =
(∫∞

0

[
s1/pf∗(s)

]q ds

s

)1/q

.

This operator was studied in [2, 9, 12].
It was proved in [2], with the help of interpolation, that if 1 � q � p, then

(Mp,q f)∗(t) � c

t1/p

(∫ t

0

f∗(s)q sq/p−1ds

)1/q

. (3.2)

Here we show how this result can be deduced from our theorem in a fairly brief and
easy way.

Consider the set function corresponding to Mq
p,q :

F (E) =
1

|E|q/p

∫ |E |

0

(fχE )∗(s)q sq/p−1ds =
∫1

0

(fχE )∗(s|E|)q sq/p−1ds.

By Fubini’s theorem, we have

F (E) =
∫∞

1

dλ

∫λp / (p −q )

0

(fχE )∗(s|E|)q ds =
1
|E|

∫∞

1

dλ

∫λp / (p −q )|E |

0

(fχE )∗(s)q ds.
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Next, it is well known (see [4, p. 46]) that for any λ � 1 there is a measurable set
Aλ (E) ⊂ E such that |Aλ (E)| = (1/λ)p/(q−p)|E| and

∫λp / (p −q )|E |

0

(fχE )∗(s)q ds =
∫
Aλ (E )

|f(x)|q dx.

Thus

F (E) =
1
|E|

∫∞

1

dλ

∫
Aλ (E )

|f(x)|q dx.

Now, if E1 ∩ E2 = ∅, then it is easy to see that

min
(
F (E1), F (E2)

)
� 1

|E1 ∪ E2|

∫∞

1

dλ

∫
Aλ (E1)∪Aλ (E2)

|f(x)|q dx,

where Aλ (E1)∪Aλ (E2) ⊂ E1 ∪E2 and |Aλ (E1)∪Aλ (E2)| = (1/λ)p/(q−p)|E1 ∪E2|.
Therefore, using (3.1) and Fubini’s theorem, we obtain

min(F (E1), F (E2)) � 1
|E1 ∪ E2|

∫∞

1

dλ

∫λp / (p −q )|E1∪E2|

0

(
fχE1∪E2

)∗(s)q ds

=
∫1

0

(
fχE1∪E2

)∗(s|E1 ∪ E2|)q sq/p−1ds

= F (E1 ∪ E2),

and we have verified (2.1). Applying (2.2) yields

(Mp,q f)∗(t)q � sup
|E |>t/3n

∫1

0

(fχE )∗(s|E|)q sq/p−1ds

�
∫1

0

f∗(st/3n )q sq/p−1ds

�
(

3n

t

)q/p ∫ t

0

f∗(s)q sq/p−1ds,

proving (3.2).

Example 5. Consider the local maximal operator mλf , defined for any
measurable f by

mλf(x) = sup
Q�x

(fχQ )∗(λ|Q|) (0 < λ < 1).

This operator was introduced in [14]. It is shown in [10, inequality (3.1)], by means
of the Hardy–Littlewood maximal operator, that

(mλf)∗(t) � f∗(λt/3n ). (3.3)

Here we give a new proof of this inequality by means of our theorem. Consider
the corresponding set function

F (E) = (fχE )∗(λ|E|).
Let E1 ∩ E2 = ∅ and µf χE i

(ξi) > λ|Ei |, i = 1, 2. Then

µf χE 1∪E 2
(min(ξ1, ξ2)) � µf χE 1

(ξ1) + µf χE 2
(ξ2) > λ|E1 ∪ E2|.

Thus
min(ξ1, ξ2) �

(
fχE1∪E2

)∗(λ|E1 ∪ E2|).
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Taking the supremum over all ξi for which µf χE i
(ξi) > λ|Ei |, i = 1, 2, gives

min
((

fχE1

)∗(λ|E1|),
(
fχE2

)∗(λ|E2|)
)

�
(
fχE1∪E2

)∗(λ|E1 ∪ E2|).
This implies that (2.1) holds, and hence, by (2.2), we have

(mλf)∗(t) � sup
|E |>t/3n

(fχE )∗(λ|E|) � f∗(λt/3n ),

proving (3.3).
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