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Abstract. We show that any pointwise multiplier for BMO(Rn) generates a func-
tion p from the class P(Rn) of those functions for which the Hardy-Littlewood
maximal operator is bounded on the variable Lp space. In particular, this gives a
positive answer to Diening’s conjecture saying that there are discontinuous func-
tions which nevertheless belong to P(Rn).
Mathematics Subject Classification (2000): 42B25

1. Introduction

Let p : R
n → [1,∞) be a measurable function. Denote by Lp(·)(Rn) the Banach

space of measurable functions f on R
n such that for some λ > 0,

∫
Rn

∣∣∣∣f (x)λ
∣∣∣∣
p(x)

dx < ∞,

with norm

‖f ‖Lp(·) = inf

{
λ > 0 :

∫
Rn

∣∣∣∣f (x)λ
∣∣∣∣
p(x)

dx ≤ 1

}
.

The spaces Lp(·)(Rn) are a special case of Musielak-Orlicz spaces (cf. [10]).
The behavior of some classical operators in harmonic analysis on Lp(·)(Rn) is
intensively investigated during several last years.

We recall that the Hardy-Littlewood maximal operator is defined for any f ∈
L1
loc(R

n) by

Mf (x) = sup
Q�x

1

|Q|
∫
Q

|f (y)|dy,
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where the supremum is taken over all cubesQ containing x. Throughout the paper,
all cubes are assumed to have their sides parallel to the coordinate axes.

Denote by P(Rn) the class of all measurable functions p for which the Hardy-
Littlewood maximal operator is bounded on Lp(·)(Rn). Different aspects concern-
ing this class were studied in [4–6,12–14].

Given any measurable function p, set p− = ess infx∈Rn p(x) and p+ =
ess supx∈Rn p(x). Assume that p− > 1 and p+ < ∞. It has been proved by
Diening [5] that if p satisfies the following uniform continuity condition

|p(x)− p(y)| ≤ c

log(1/|x − y|) , |x − y| < 1/2, (1.1)

and if p is a constant outside some large ball, then p ∈ P(Rn). After that the
second condition on p has been improved independently by Cruz-Uribe, Fiorenza,
and Neugebauer [4] and Nekvinda [12]. It is shown in [4] that if p satisfies (1.1)
and

|p(x)− p(y)| ≤ c

log(e + |x|) , |y| ≥ |x|, (1.2)

then p ∈ P(Rn). In [12], the boundedness result is deduced with (1.2) replaced by
a more general integral condition∫

Rn
|p(x)− p∞|c1/|p(x)−p∞|dx < ∞ (p∞ > 1, c > 0). (1.3)

One can show that (1.2) implies (1.3) but the converse, in general, is not true (see
[2]).

Diening [6] has recently proved that p ∈ P(Rn) if and only if there exists c > 0
such that for any family of pairwise disjoint cubes π ,∥∥∥∑

Q∈π
(|f |Q)χQ

∥∥∥
Lp(·)(Rn)

≤ c‖f ‖Lp(·)(Rn),

where fQ = |Q|−1
∫
Q
f . This interesting result, however, is not so effective from

the point of view of quantitative properties of p yielding p ∈ P(Rn).
Pick and Růžička [14] have constructed a function p which does not satisfy

(1.1) and p �∈ P(Rn). An analogous example was found in [4] regarding (1.2).
These results say that conditions (1.1) and (1.2) can not be improved in the point-
wise sense. However, as (1.3) shows, (1.2) can be improved in the integral sense.
In this paper we prove several results which naturally lead to a conjecture that (1.1)
and (1.2) can be improved in terms of mean oscillations of p.

We recall that the mean oscillation of a locally integrable function f over a
cube Q is defined by

�(f ;Q) = 1

|Q|
∫
Q

|f (x)− fQ|dx.

The space BMO(Rn) consists of all f ∈ L1
loc(R

n) such that

‖f ‖∗ ≡ sup
Q⊂Rn

�(f ;Q) < ∞.
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Analogously, if the supremum is taken only over all cubesQ from some fixed cube
Q0, one can define the space BMO(Q0).

The aim of this paper is to show that the class P(Rn) is closely related to the class
of pointwise multipliers for BMO. A function g is called a pointwise multiplier
for BMO if fg ∈ BMO for any f ∈ BMO. The class of pointwise multipliers
for BMO in the local case was characterized independently by Stegenga [16] and
Janson [8]. They established that g is a pointwise multiplier for BMO(Q0) if and
only if g ∈ L∞(Q0) and

sup
Q⊂Q0

log(e + 1/|Q|)�(g;Q) < ∞. (1.4)

This result was extended to the case of R
n by Nakai and Yabuta [11]. Given any

cube Q, let

�(Q) = log
(
e + max(|Q|, |Q|−1, |cenQ|)),

where cenQ denotes the center of Q. In [11], in particular, it was proved that g is
a pointwise multiplier for BMO(Rn) if and only if g ∈ L∞(Rn) and

sup
Q

�(Q)�(g;Q) < ∞. (1.5)

Note that the log-Hölder condition (1.1) is sufficient for (1.4) (this simple fact is
proved, for instance, in [16]), while (1.1) along with (1.2) is sufficient for (1.5) (this
fact is contained without the proof in [11]; we shall prove it for the sake of the com-
pleteness in the Appendix). However, it was shown by Spanne [15] that functions
satisfying (1.4) can be discontinuous. If Q0 = [−1/2; 1/2]n, a typical example
of such a function is g(x) = log log(1/|x|)χ{|x|≤1/e}(x). From this and from the
well-known observation that a Lipschitz function preserves mean oscillations it
follows that the function

g(x) = sin
(

log log(1/|x|)χ{|x|≤1/e}(x)
)

(1.6)

provides an example of a pointwise multiplier for BMO([−1/2; 1/2]n) which is
discontinuous. This example can be found in [8], though it is contained implicitly
in [15]. It is easy to see that the function given by (1.6) will be also a pointwise
multiplier for BMO(Rn). Similarly,

g(x) = sin
(

log log |x|χ{|x|≥e}(x)
)

(1.7)

yields an example of a pointwise multiplier for BMO(Rn) which has no limit at
infinity (though this example can be treated essentially in the same way as (1.6),
we shall give a detailed proof in the Appendix).

Given a measurable function p, set

C(p) = ‖p‖∞ + sup
Q

�(Q)�(p;Q).

By the above-mentioned result by Nakai and Yabuta [11], C(p) < ∞ if and only if
p is a pointwise multiplier for BMO(Rn).

Our main results are the following.
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Theorem 1.1. There is a positive constant µn, depending only on n and small
enough, such that for any non-negative measurable function p with C(p) ≤ µn we
have 2 − p(x) ∈ P(Rn).

Theorem 1.2. For any non-negative measurable function p such that p− > 0 and
C(p) ≤ µn we have 2 + p(x) ∈ P(Rn).

Here µn is the same constant as in Theorem 1.1.

Corollary 1.3. For any non-negative function p with C(p) < ∞ there exists a con-
stant α > 0 such that α − p(x) ∈ P(Rn). Assuming additionally that p− > 0, we
get also α + p(x) ∈ P(Rn).

We note that all previously known sufficient conditions for p ∈ P(Rn) neces-
sarily imply that p is continuous and that the lim|x|→∞ p(x) exists. Nekvinda [13]
has recently constructed a function p ∈ P(Rn) such that |p(x) − p∞|, p∞ > 1,
tends to zero very slowly as |x| → ∞. After that Diening [6] conjectured that
there exist functions which are not continuous and have no limit at infinity but still
belong to the class P(Rn). Our results show that this conjecture is true. Indeed,
Corollary 1.3, applied to p(x) = g(x)+2, where g is given by either (1.6) or (1.7),
provides the desired examples.

As we shall see below, our methods are restrictive in the sense that we can not
avoid conditions like C(p) ≤ µn. The following natural questions arise.

Question 1.4. Does any function p with p− > 1, p+ < ∞, and C(p) < ∞ belong
to P(Rn)?

Question 1.5. Let p− > 1 and p+ < ∞. Suppose that α + p(x) ∈ P(Rn) for
some α > 0. Does it imply p ∈ P(Rn)?

If the answer to the second question is positive, then, by Corollary 1.3, the
answer to the first question is positive, too.

Our results and questions have a full analogue in the local case of some cube
Q0. If the answer to the first question is positive, it would give an improvement of
the log-Hölder condition (1.1) in the local case and (1.1) along with (1.2) in the
case of R

n, respectively.
The situation is still tricky enough with Nekvinda’s condition (1.3). On one

hand, using a function given by (1.7), we get easily an example of a function
p ∈ P(Rn) such that C(p) < ∞ but (1.3) fails. On the other hand, an example,
used to show that (1.3) does not imply (1.2) (which is constructed in [2]), can be
also used to show that (1.3) along with (1.1) does not imply C(p) < ∞. Observe
also that Nekvinda [13] has constructed examples ofp ∈ P(Rn)which satisfy (1.1)
but not (1.3).

The paper is organized as follows. Section 2 contains preliminary facts. Section
3 is devoted to the proofs of Theorems 1.1 and 1.2. In the Appendix we collect
some information concerning relationships between different conditions.
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2. Preliminaries

By a weight we mean any non-negative locally integrable function on R
n. A weight

ω satisfies the Ap condition, 1 < p < ∞, if

‖ω‖Ap ≡ sup
Q

(
1

|Q|
∫
Q

ωdx

) (
1

|Q|
∫
Q

ω−1/(p−1)dx

)p−1

< ∞.

A classical result due to Muckenhoupt says that
∫

Rn
(Mf )pωdx ≤ c

∫
Rn

|f |pωdx (1 < p < ∞) (2.1)

for any f ∈ Lpω if and only if ω ∈ Ap; moreover, the constant c in (2.1) depends
only on n, p and on ‖ω‖Ap (see, e.g., [7, p. 400]).

It is well known that if ω ∈ Ap, then logω ∈ BMO, and conversely, if
ϕ ∈ BMO, then eλϕ ∈ Ap for some λ > 0 (see [7, pp. 407-409]). We will use this
principle in the following form.

Proposition 2.1. There exists a constant cn, depending only on n, such that for any
ϕ ∈ BMO with ‖ϕ‖∗ ≤ cn one has eϕ ∈ A2 with ‖eϕ‖A2 ≤ 4.

Proof. The proof is quite standard. Indeed, by the John-Nirenberg inequality
[7, p. 164], for any ϕ ∈ BMO and any Q,

|{x ∈ Q : |ϕ − ϕQ| > λ}| ≤ 2|Q|e−λ/ξn‖ϕ‖∗ , (2.2)

where ξn > 1 depends only on n. Choose now cn = 1/3ξn. If ‖ϕ‖∗ ≤ cn we obtain
from (2.2) that

∫
Q

e|ϕ−ϕQ|dx = |Q| +
∫ ∞

1
|{x ∈ Q : e|ϕ−ϕQ| > λ}|dλ

≤ |Q| + 2|Q|
∫ ∞

1
λ−3dλ = 2|Q|.

Thus (cf. [7, p. 408]),

‖eϕ‖A2 ≤ sup
Q

(
1

|Q|
∫
Q

e|ϕ−ϕQ|dx
)2

≤ 4,

as desired. �
An important role in our results will be played by the following.

Theorem 2.2. (Coifman-Rochberg [3].) Let Mf < ∞ a.e. Then log(Mf ) ∈
BMO(Rn), and

‖ log(Mf )‖∗ ≤ γn,

where γn > 1 depends only on n.
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Let Q0 = [−1/2; 1/2]n.

Lemma 2.3. For any f ∈ BMO(Rn) and any cube Q,

|fQ| ≤ 6n(‖f ‖∗ + |fQ0 |)�(Q). (2.3)

Proof. This lemma is contained in [11, Lemma 3.1], where a more general result
is proved. We briefly outline the proof for the sake of the completeness.

A simple fact we need is that |fQ1 − fQ2 | ≤ log(2|Q2|/|Q1|)‖f ‖∗, whenever
Q1 ⊂ Q2. Suppose that |Q| ≥ 1 and |cenQ| ≥ |Q|. Let Q̃ be the minimal cube
containing Q0 and Q. A rough estimate gives |Q̃| ≤ (3|cenQ|)n, and thus

|fQ − fQ0 | ≤ |fQ̃ − fQ0 | + |fQ − fQ̃|
≤ (

log(2|Q̃|)+ log(2|Q̃|/|Q|))‖f ‖∗ ≤ 2n log(6|cenQ|)‖f ‖∗.

If |Q| ≥ 1 and |cenQ| ≤ |Q| we analogously get

|fQ − fQ0 | ≤ 2n log(6|Q|)‖f ‖∗.

Assume now that |Q| ≤ 1 and |cenQ| ≥ 1. In this case we obtain

|fQ − fQ0 | ≤ 2 log(2|Q̃|/|Q|) ≤ 2 log
(
2(3|cenQ|)n/|Q|)‖f ‖∗.

If |Q| ≤ 1 and |cenQ| ≤ 1, then

|fQ − fQ0 | ≤ 2 log(2 · 3n/|Q|)‖f ‖∗.

Unifying all cases yields (2.3). �
We will frequently use the following well known properties of mean oscilla-

tions:

�(f ;Q) ≤ 2 inf
c

1

|Q|
∫
Q

|f (x)− c|dx ≤ 2�(f ;Q),

�(f ;Q) ≤ 1

|Q|2
∫
Q

∫
Q

|f (x)− f (y)|dx dy ≤ 2�(f ;Q).

The non-increasing rearrangement (see, e.g., [1, p. 39]) of a measurable function
f on R

n is defined by

f ∗(t) = inf
{
λ > 0 : |{x ∈ R

n : |f (x)| > λ}| ≤ t
}

(0 < t < ∞).

Set also f ∗∗(t) = t−1
∫ t

0 f
∗(τ )dτ . It is well known (see, e.g., [1, p. 122]) that for

any f ∈ L1
loc(R

n),

(Mf )∗(t) ≤ 3nf ∗∗(t) (t > 0). (2.4)

We will also need the fact that [1, p. 53]
∫ t

0
f ∗(τ )dτ = sup

|E|=t

∫
E

|f (x)|dx, (2.5)

where the supremum is taken over all measurable sets E with |E| = t .
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Finally, we note (see, e.g., [9]) that if p− > 1 and p+ < ∞, then the following
Hölder inequality ∫

Rn
|f (x)g(x)|dx ≤ 2‖f ‖Lp(·)‖g‖Lp′(·) (2.6)

holds, where p′(x) = p(x)/(p(x)− 1).

3. Proofs

Our main intention is to apply Lemma 2.3 to log(Mf ), where a function f has
Lr(·)-norm small enough. In this case, however,Mf may be arbitrary small around
the origin, and hence the absolute value of

∫
Q0

log(Mf ) may be arbitrary big. To
overcome this difficulty, we use the following trick.

Given any non-negative function f , let f̃ = χQ0 + f . Clearly that log(Mf̃ ) is
non-negative on Q0.

Lemma 3.1. Let r be any measurable function and let r− > 1 and r+ < ∞. For
any non-negative function f such that ‖f ‖Lr(·) ≤ 1 one has∫

Q0

log(Mf̃ )(x)dx ≤ 3n.

Proof. By a well known property of the rearrangement [1, p. 87, ex. 3],
∫
Q0

log(Mf̃ )(x)dx ≤
∫
Q0

log(1 +Mf )(x)dx =
∫ 1

0
log

(
1 + (Mf )∗(t)

)
dt.

Further, by (2.4),
∫ 1

0
log

(
1 + (Mf )∗(t)

)
dt ≤

∫ 1

0
log

(
1 + 3nf ∗∗(t)

)
dt.

Let 0 < t ≤ 1 and let E be any measurable set with |E| = t . It is easy to see
that ‖χE‖

Lr
′(·) ≤ 1. Hence, by (2.6),

∫
E

|f (x)|dx ≤ 2‖f ‖Lr(·)‖χE‖
Lr

′(·) ≤ 2,

and therefore, by (2.5), f ∗∗(t) ≤ 2/t . Thus, we have
∫
Q0

log(Mf̃ )(x) ≤
∫ 1

0
log(1 + 2 · 3n/t)dt.

A simple calculation shows that the last integral is bounded by 3n. �
Lemma 3.2. Let r be any measurable function and let r− > 1 and r+ < ∞.
For any non-negative function f such that ‖f ‖Lr(·) ≤ 1 and for any measurable
function p one has

‖p(x) log(Mf̃ )(x)‖∗ ≤ 50n2γnC(p),
where γn is the constant from Theorem 2.2.
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Proof. Let ϕ = log(Mf̃ ). Set also f1 = f χ{f>1}. It is easy to see that ‖f1‖L1 ≤ 1,
and thus,

Mf̃ (x) ≤ MχQ0(x)+Mf (x) ≤ 2 +Mf1(x) < ∞ a.e.

By Theorem 2.2,

‖ϕ‖∗ ≤ γn.

Next, it follows from Lemmas 2.3 and 3.1 that for any cube Q,

|ϕQ| ≤ 6n(γn + 3n)�(Q).

Therefore,

�(pϕ;Q) ≤ 2

|Q|
∫
Q

|pϕ(x)− (pQ)(ϕQ)|dx

≤ 2

|Q|
∫
Q

|p(x)(ϕ(x)− ϕQ)|dx + 2|ϕQ|�(p;Q)
≤ 2γn‖p‖∞ + 12n(γn + 3n)�(Q)�(p;Q).

Taking the supremum over all Q gives

‖pϕ‖∗ ≤ 2γnC(p)+ 12n(γn + 3n)C(p) ≤ 50n2γnC(p),
and we are done. �

Before proving Theorems 1.1 and 1.2 we mention two simple observations.
First, in these theorems it suffices to consider only non-negative functions f . Sec-
ond, if p− > 1 and p+ < ∞, then p belongs to P(Rn) if and only if there exists a
constant c > 0 such that ∫

Rn
(Mf (x))p(x)dx ≤ c,

whenever ‖f ‖Lp(·) ≤ 1.

Proof of Theorem 1.1. Set µn = cn/50n2γn, where cn is the constant from Prop-
osition 2.1. Let p be any measurable non-negative function with C(p) ≤ µn. Let
f ≥ 0 with ‖f ‖L2−p(·) ≤ 1.

It follows from Lemma 3.2 and from Proposition 2.1 that (Mf̃ (x))p(x) is the
A2-weight with the correspondingA2-constant bounded by 4. Thus, (Mf̃ (x))−p(x)
is also theA2-weight with the sameA2-constant. Therefore, by Muckenhoupt’s the-
orem (see (2.1)),∫

Rn
(Mf (x))2−p(x)dx ≤

∫
Rn

(
Mf̃ (x)

)2−p(x)
dx

=
∫

Rn

(
Mf̃ (x)

)2
(Mf̃ (x)

)−p(x)
dx

≤ c

∫
Rn

(
f̃ (x)

)2(
Mf̃ (x)

)−p(x)
dx.
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Since Mf (x) ≥ |f (x)| a.e. and p(x) ≥ 0, the last integral is bounded by

c

∫
Rn

(
f̃ (x)

)2−p(x)
dx ≤ 2c

(∫
Rn
χQ0dx +

∫
Rn

(
f (x)

)2−p(x)
dx

)
≤ 4c,

with some constant c depending only on n. This shows that 2 − p(x) belongs to
P(Rn). �

Proof of Theorem 1.2. Let µn be the same as in the previous proof. Let p be any
measurable non-negative function with p− > 0 and C(p) ≤ µn. Let f be any non-
negative function with ‖f ‖L2+p(·) ≤ 1. Exactly as in the previous proof we have
that (Mf̃ (x))p(x) is the A2-weight with the corresponding A2-constant bounded
by 4.

Assume first that ‖Mf̃ ‖L2+p(·) < ∞. By Muckenhoupt’s theorem and Hölder’s
inequality,

∫
Rn

(
Mf̃ (x)

)2+p(x)
dx ≤ c

∫
Rn
(f̃ (x))2

(
Mf̃ (x)

)p(x)
dx

≤ 2c‖(f̃ )2‖L1+p(·)/2‖(Mf̃ (x))p(x)‖L1+2/p(·) (3.1)

(we have used here that p− > 0).

Denote A = ‖(Mf̃ (x))p(x)‖L1+2/p(·) . It is easy to see that A ≥ 1 and A < ∞.
Hence,

1 =
∫

Rn

(
Mf̃ (x)

)2+p(x) dx

A1+2/p(x)
≤ (1/A)1+2/p+

∫
Rn

(
Mf̃ (x)

)2+p(x)
dx.

Next we observe that

‖(f̃ )2‖L1+p(·)/2 = ‖f̃ ‖2
L2+p(·) ≤ (‖χQ0‖L2+p(·) + ‖f ‖L2+p(·)

)2 ≤ 4.

Combining these estimates with (3.1) yields

∫
Rn

(
Mf̃ (x)

)2+p(x)
dx ≤ 8c

(∫
Rn

(
Mf̃ (x)

)2+p(x)
dx

)p+/(2+p+)
,

and thus
∫

Rn

(
Mf (x)

)2+p(x)
dx ≤

∫
Rn

(
Mf̃ (x)

)2+p(x)
dx ≤ (8c)1+p+/2. (3.2)

Finally, we note that the restriction ‖Mf̃ ‖L2+p(·) < ∞ is easily removed. In-
deed, one can consider first fk = min(f, k)χB(0,k), where B(0, k) is the ball cen-
tered at the origin of radius k. It is easy to see that ‖Mf̃k‖L2+p(·) < ∞. Hence,
(3.2) holds for fk for any k. Letting now k → ∞ and using the Fatou con-
vergence theorem, we get (3.2) for arbitrary f with ‖f ‖L2+p(·) ≤ 1. Therefore,
2 + p(x) ∈ P(Rn). �
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Proof of Corollary 1.3. If C(p) ≤ µn, then Theorems 1.1 and 1.2 show that one
can take α = 2. Suppose that C(p) > µn. Set p̃ = µn

C(p)p. Then C(p̃) ≤ µn and by
Theorems 1.1 and 1.2 we get that 2 − p̃ and 2 + p̃ belong to P(Rn).

But if q(x) ∈ P(Rn), then rq(x) ∈ P(Rn) for any r > 1. Indeed, by Hölder’s
inequality,

‖Mf ‖rq(·) ≤ ‖(M|f |r )1/r‖rq(·) = ‖M|f |r‖1/r
q(·)

≤ c1/r‖|f |r‖1/r
q(·) = c1/r‖f ‖rq(·).

Therefore,

2C(p)
µn

− p(x) = C(p)
µn

(2 − p̃)

and, similarly,

2C(p)
µn

+ p(x) = C(p)
µn

(2 + p̃)

belong to P(Rn), which completes the proof. �

Remark 3.3. Well known properties of Muckenhoupt weights show that actually
Theorems 1.1 and 1.2 can be reformulated in a more general form as follows.

Theorem 3.4. For any 1 < ξ < ∞ there is a constant µ = µ(n, ξ) such that for
each non-negative p with C(p) ≤ µ and for all γ ≥ ξ we have γ −p(x) ∈ P(Rn).
Assuming additionally that p− > 0, we get also γ + p(x) ∈ P(Rn).

4. Appendix

We start with the following proposition which is contained without the proof in [11,
p. 217].

Proposition 4.1. Let p satisfy (1.1) and (1.2). Then C(p) < ∞.

Proof. We first note that it follows from (1.2) that

|p(x)− p∞| ≤ c

log(e + |x|) for all x ∈ R
n (4.1)

with some p∞ > 1.
Assume that |cenQ| ≥ (2

√
n)n max(|Q|, |Q|−1). In this case �(Q) = log(e +

|cenQ|). Further, for all x ∈ Q,

|x| ≥ |cenQ| − √
n|Q|1/n ≥ |cenQ| − 1

2
|cenQ|1/n ≥ 1

2
|cenQ|1/n.
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From this and from (4.1) we get

�(Q)�(p;Q) ≤ 2�(Q)

|Q|
∫
Q

|p(x)− p∞|dx

≤ 2c�(Q)

|Q|
∫
Q

dx

log(e + |x|) ≤ 2c�(Q)

log(e + |cenQ|1/n/2) ≤ c′.

Let |cenQ| < (2
√
n)n max(|Q|, |Q|−1) and |Q| ≤ (2

√
n)−n. In this case

�(Q) ≤ log(e + (2
√
n)n/|Q|). Applying (1.1) yields

�(Q)�(p;Q) ≤ �(Q)

|Q|2
∫
Q

∫
Q

|p(x)− p(y)|dx dy

≤ c�(Q)

log(1/
√
n|Q|1/n) ≤ c′.

Let |cenQ| < (2
√
n)n max(|Q|, |Q|−1) and |Q| > (2

√
n)−n. In this case

�(Q) ≤ log(e + (2
√
n)3n|Q|). Next, we use the following estimate

∫
Q

dx

log(e + |x|) ≤ c|Q|
log(e + |Q|) , (4.2)

whose proof we omit (for example, one can, by (2.5), reduce (4.2) to the one-dimen-
sional case, and then use simple integral transformations). From (4.1) and (4.2) we
obtain

�(Q)�(p;Q) ≤ c�(Q)

log(e + |Q|) ≤ c′.

Unifying all cases completes the proof. �
Consider now the function given by (1.7).

Proposition 4.2. Letg(x) = sin
(

log log |x|χ{|x|≥e}(x)
)
. Then we have C(g) < ∞.

Proof. Consider first the function g̃(x) = log log |x|χ{|x|≥e}(x). Let ψ(ξ)
= (ξ log ξ)−1χ(e,+∞)(ξ). Then

g̃(x) =
∫ |x|

e

ψ(ξ)dξ.

As in the previous proof, we consider three cases. Let |cenQ| ≥ (2
√
n)n

max(|Q|, |Q|−1). Then we have �(Q) = log(e + |cenQ|) and |x| ≥ |cenQ|1/n/2
for all x ∈ Q. Hence,

�(Q)�(g̃;Q) ≤ �(Q)

|Q|2
∫
Q

∫
Q

∣∣∣∣
∫ |y|

|x|
ψ(ξ)dξ

∣∣∣∣ dx dy

≤ 2�(Q)

|cenQ|1/n log(|cenQ|1/n/2)
√
n|Q|1/n

≤ �(Q)

log(|cenQ|1/n/2) ≤ c.
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Let |cenQ| < (2
√
n)n max(|Q|, |Q|−1) and |Q| ≤ (2

√
n)−n. Then �(Q) ≤

log(e + (2
√
n)n/|Q|) and we have

�(Q)

|Q|2
∫
Q

∫
Q

∣∣∣∣
∫ |y|

|x|
ψ(ξ)dξ

∣∣∣∣ dx dy ≤ √
n�(Q)|Q|1/n ≤ c.

Let |cenQ| < (2
√
n)n max(|Q|, |Q|−1) and |Q| > (2

√
n)−n. Setα+ = supx∈Q

|x| and α− = infx∈Q |x|. Note that

α+ ≤ √
n|Q|1/n + |cenQ| ≤ cn|Q|1/n.

We have

�(g̃;Q) ≤ 2

|Q|
∫
Q

∣∣∣∣
∫ |x|

e

ψ −
∫ α+

e

ψ

∣∣∣∣ dx = 2

|Q|
∫
Q

dx

∫ α+

|x|
ψ(ξ)dξ.

By Fubini’s theorem,∫
Q

dx

∫ α+

|x|
ψ(ξ)dξ ≤

∫ α+

α−
dξ

∫
{|x|≤ξ}

ψ(ξ)dx

≤ vn

∫ cn|Q|1/n

e

ξn−1

log ξ
dξ ≤ c′n|Q|

log(e + |Q|) .

Since �(Q) ≤ log(e + (2
√
n)3n|Q|), we obtain that �(Q)�(g̃;Q) ≤ c.

Unifying all cases yields

sup
Q

�(Q)�(g̃;Q) < ∞.

Next, since sin x is a Lipschitz function, we clearly get

�(g;Q) ≤ 1

|Q|2
∫
Q

∫
Q

| sin g̃(x)− sin g̃(y)|dx dy

≤ 1

|Q|2
∫
Q

∫
Q

|̃g(x)− g̃(y)|dx dy ≤ 2�(g̃;Q).

Thus, g is a bounded function satisfying

sup
Q

�(Q)�(g;Q) < ∞.

The proof is complete. �
Applying Corollary 1.3 to the function considered in the last proposition, we get

a Lipschitz function from P(Rn) which has no limit at infinity. Clearly, this func-
tion does not satisfy Nekvinda’s condition (1.3). However, there are also Lipschitz
functions f satisfying (1.3) for which C(f ) = ∞. Indeed, in the one-dimensional
case one can take an example, which was considered recently in [2] to show that
(1.2) along with (1.1) does not imply (1.3). Let

f (x) = p∞ +
∞∑
k=1

(1/k − |x − ek
2 |)χ{|x−ek2 |≤1/k}(x).

Then f satisfy (1.3) (see [2]). Setting Ik = (ek
2 − 1/k, ek

2 + 1/k), it is easy to
calculate that �(Ik) ≈ k2, but �(f ; Ik) ≈ 1/k, which shows that C(f ) = ∞.



Maximal function on variable Lp spaces

References

[1] Bennett, C., Sharpley, R.: Interpolation of Operators. Academic Press, New York,
1988

[2] Capone, C., Cruz-Uribe, D., Fiorenza, A.: The fractional maximal operator on
variable Lp spaces. Preprint is available from http://www.iam.na.cnr.it/rappor-
ti/2004/RT281−04.pdf

[3] Coifman, R.R., Rochberg, R.: Another characterization of BMO. Proc. Amer. Math.
Soc. 79, 249–254 (1980)

[4] Cruz-Uribe, D., Fiorenza, A., Neugebauer, C.J.: The maximal function on variable
Lp spaces. Ann. Acad. Sci. Fenn. Math. 28, 223–238 (2003); 29, 247–249 (2004)

[5] Diening, L.: Maximal function on generalized Lebesgue spacesLp(·). Math. Inequal.
Appl. 7(2), 245–253 (2004)

[6] Diening, L.: Maximal function on Musielak-Orlicz spaces and generalized Lebesgue
spaces. Fakultät für Mathematik und Physik, Albert-Ludwigs-Universität Freiburg.
Preprint no. 21, 2003

[7] García-Cuerva, J., Rubio de Francia, J.: Weighted norm inequalities and related top-
ics. North-Holland Math. Studies 116, North-Holland, Amsterdam, 1985

[8] Janson, S.: On functions with conditions on the mean oscillation. Ark. Mat. 14,
189–196 (1976)
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