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Abstract

In these notes, we discuss periods of automorphic functions from the analytic per-
spective. We consider an effective version of the Frobenius reciprocity of Gelfand
and Fomin. It turns out that it is related to the classical Sobolev restriction the-
orem, but gives results which go beyond results known in PDE theory. We also
discuss the problem of restricting Maass forms to orbits of one-dimensional sub-
groups. Our emphasis is on the use of methods form representation theory.
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1 Automorphic representations and Frobenius reci-
procity

We will discuss Frobenius reciprocity in the framework of automorphic represen-
tations. Our aim is to emphasize the (functional-)analytic side of this notion. The
corresponding Frobenius reciprocity was formulated in works of Gelfand, Fomin,
and Piatetski-Shapiro in the 60’s (see [6]) and later elaborated by G. Ol’shansky
(see [10]). We will follow mostly [4], and consider the simplest setup of automor-
phic representations of PGL2(R).
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2 A. Reznikov

1.1 Automorphic representations

We quickly recall the notion of automorphic representations. We refer to [6], [8],
and [16] for standard facts which we mention without attributions.

Let G = PGL2(R) and Γ ⊂ G be a lattice. We denote by X = Γ \ G the
automorphic space, and for simplicity (unless stated otherwise) assume that X
is compact (i.e., Γ is co-compact). We fix a G-invariant measure µX on X, and
consider the vector space L2(X) = L2(X,µX). The measure could be normalized
by the requirement vol(X) = 1.

Definition. An irreducible (unitary) representation π of G in a Hilbert space Lπ is
called automorphic if it is contained in L2(X), i.e., ∃ G-morhpism ν : Lπ → L2(X).

We always assume that we fix a G-invariant Hermitian norm ∥ · ∥π on Lπ, and
that ν is isometric with respect to the L2-norm ∥ · ∥X on X. In fact, we call a pair
(π, ν) an automorphic representation. Hence ν(v) ∈ L2(X) for any vector v ∈ Lπ.

It is well-known that for the compact space X, the space L2(X) decomposes
into a direct sum of irreducible (unitary) representations of G, all, except the
trivial one, are infinite-dimensional.

Classical automorphic functions (or forms) are obtained as special vectors in
the space Lπ (e.g., Maass forms correspond to K-fixed vectors; see below).

For a given abstract representation π, there might be different morphisms ν into
L2(X). First of all, there might be morphisms with different image. This is called
multiplicity, determination of which is a very important and difficult problem in
automorphic functions. Second, given ν we can multiply it by a complex number
of norm one. This also creates an ambiguity.

It is not always convenient to work with L2 functions. For example, in order
to take restrictions of functions to subsets (the main subject of present notes),
one has to consider functions satisfying certain smoothness conditions. Hence we
consider vectors in a (dense) subspace of Lπ. There is a well-known notion of
smooth vectors in a representation of a real Lie group (over p-adics it is somewhat
different).

Definition. A vector v ∈ Lπ is called smooth if the function ξv(g) = π(g)v is a
smooth function from G to Lπ.

It is a well-known fact that the space of all smooth vectors Vπ = L∞
π ⊂ Lπ is a

dense subspace on which G acts (in fact it it is a continuous Frechét representation
of G).

An important classical fact is :

Fact. For an automorphic representation (π, ν), we have ν : Vπ ↪→ C∞(X).

In fact, the passage to smooth vectors looses no automorphic representations,
i.e., we have (assuming X is compact) MorG(Lπ, L

2(X)) ≃ MorG(Vπ, C
∞(X)).

1.2 Frobenius Reciprocity

Since a smooth vector v ∈ Vπ is realized by a smooth function ν(v) ∈ C∞(X), we
can take its restrictions to subsets in X. This leads to an important isomorphism:



3

Frobenius Reciprocity. Let (π, ν) be an automorphic representation on a com-
pact space X = Γ \G, then MorG(Vπ, C

∞(X)) ≃ MorΓ(Vπ,C).
The isomorphism is given by the restriction to a point on X. Namely, we

have the association {ν : Vπ → C∞(X)}  {I : Vπ → C, I(v) = ν(v)(ē)}, where
e ∈ X = Γe ∈ Γ \G is the image of the identity in X.

In the opposite direction, we recover ν for a given I, by ν(v)(g) = I(π(g)v).
Hence we can “forget” about ν and work with I. The advantage of working

with I is that it does not need the complicated space X.
Since I is a functional on a (Frechét) space Vπ of smooth vectors, it is natural

to study its properties from the point of view of Functional Analysis.

1.3 Functional Analysis

We have a functional on Vπ, i.e., I ∈ V ∗
π is a vector in the dual space (it is not a

smooth vector as we will see). In fact, it is natural to consider the functional I as
a (distributional) vector in the contragredient representation π̃ to π (although for
PGL(R) we can identify π and π̃).

So from the point of view of Functional Analysis it would be a natural question
to ask what is the norm of I. What kind of a norm? Not the invariant Hermitian
norm ∥ · ∥π on Vπ defining the unitary structure.

We recall that for a norm N on a space V , the norm of a functional l ∈ V ∗ is
defined by

∥l∥N := sup
v∈V

|l(v)|
N(v)

.

In particular, for any v ∈ Vπ and a norm N on Vπ, |ν(v)(g)| ≤ ∥I∥N ·N(π(g) · v).
Hence if |I∥N is finite, this would give a bound for automorphic functions on X.
Certainly there could be no pointwise bounds for L2-functions. This is the main
reason we switched from the space Lπ to the dense subspace Vπ. Hence we have
to look for other norms on Vπ.

To discuss norms on Vπ, let us recall (one of) its realization(s): irreducible (not
necessarily unitary) representations of PGL2(R) are parameterized by complex
numbers λ ∈ C : for λ ∈ C consider the space Vλ of (smooth) homogeneous of the
homogeneous degree λ− 1 functions on R2 \ 0 (i.e., f(tx, ty) = |t|λ−1f(x, y)) with
the natural action of G. Namely, the action is given by

πλ(g)f ( xy ) = f
(
g−1 ( xy )

)
· | det g|

λ−1
2 , (1.1)

(the twist makes it a representation of PGL2(R).
The space Vλ is irreducible for λ /∈ Z (otherwise, one has to take a sub-

space/subquotient; in such a way one obtains discrete series and finite-dimensional
representations). For λ ∈ iR, Vλ is unitarizable, with the invariant form given by∫
S1⊂R2\0 f(t)g(t)dt – these are called principal (unitary) series. For λ real and

−1 < λ < 1, Vλ is also unitarizable – these are called complementary (unitary)
series. An integer λ corresponds to discrete series representations.

Let us assume for simplicity that λ ∈ iR. By restricting functions to S1 ⊂
R2\0, we get the space Vλ ≃ C∞

even(S
1) (we restrict to even functions since

(−1 0
0 −1

)
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acts trivially). This is called the compact model of Vλ, since it is realized on the
compact subgroup K ≃ S1 of G (i.e., K = PSO(2) is the connected component
of the maximal compact subgroup of G). In particular, in such a model the action
of K is given by rotations.

Another useful model is obtained by restricting to the line R ≃ N = {(x, 1) | x ∈
R} ⊂ R2 \ 0. This is called the unipotent model of Vλ and provides the realization
Vλ ≃ C∞

λ (R) in the space of smooth functions on R decaying as |x|λ−1 at infinity.
In such a model, the action of the upper triangular matrices is easy to describe.

At this point we are ready to mention a few examples of the use of the functional
I in order to obtain familiar objects from the theory of automorphic functions.

1.3.1 Examples-Exercises

1. I is a functional on Vπ ≃ C∞
λ (R). In particular, for Γ = PSL2(Z), the

functional I is ( 1 1
0 1 )-invariant, i.e., periodic with respect to x 7→ x+1. Hence

we can decompose it into the Fourier series on [0, 1]: I
∣∣
[0,1]

∑
an ·e2πix. The

representation (π, ν) is cuspidal if a0 = 0.

Exercise: Show that the coefficients an coincide (up to a normalization!)
with the classical Fourier coefficients of the corresponding Maass form.

2. Let γ ∈ PSL2(Z) be a hyperbolic element. Then I is γ-periodic (γ acts by
the multiplication in the unipotent model!), and hence we obtain another set
of coefficients bn such that coefficients I

∣∣
R/⟨γ⟩=

∑
bn · |x|−1/2−λ/2+inq.

Exercise: What is q?

Not an exercise: What are coefficients bn? In fact, these are related to some
L-functions! This is a highly non-trivial theorem of Waldspurger (see [15]).
The same fact holds for an elliptic element in PSL2(Z) (e.g.,

(
0 −1
1 0

)
).

3. Exercise: Write I for the Eisenstein series Es (as a distribution on R).

1.4 Sobelev norms

We return to the study of I via methods of Functional Analysis. We need to
choose a norm N on the space Vπ such that ||I||N will be finite. We assume that
Vπ is an irreducible unitary representation of the principal series, i.e., Vπ ≃ Vλ for
λ ∈ iR.

Whatever norm we want to consider, it should be related to the action of G on
Vλ. This means that we want to consider a norm on Vλ ≃ C∞

even(S
1) such that the

action (1.1) of G (via πλ) on Vλ is continuous in this norm. There are zillions of
such norms, but not too many Hermitian ones. In fact, there is a natural family of
norms coming from the action of the Lie algebra. These are (L2)-Sobolev norms
(or derived norms).

Norms on Vπ is the same as norms on C∞
even(S

1) (for principal unitary series).
We also can assume that the norm is K-invariant. This is because we can integrate
any norm over the action of the compact group K and obtain an equivalent norm,
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assuming the initial norm was G-continuous. A Hermitian K-invariant norm on
C∞

even(S
1) is easy to describe by its Fourier series.

For n ≥ 0, we define the n’th L2-Sobolev norm by S2
n(f) = ∥f∥2L2(S1) +

∥f (n)∥2L2(S1) (classically on Rm, it is given by S2
n(f) =

∑
|α|≤n ∥Dαf∥2L2(Rm)).

In fact, one also can use the Fourier transform f̂ of f to define these norms
(i.e., S2

σ(f) =
∫
|f̂(ξ)|2(1 + |ξ|2σ)dξ). This makes sense for any real σ (these

are fractional Sobolev norms; one also can define such norms via derivatives by
interpolation of norms).

On S1 this is given by Fourier series:

S2
σ(f) =

∑
|f̂(n)|2(1 + |n|σ)2,

where f̂(n) =
∫
S1 f(t)e

−intdt. An equivalent norm which is more convenient is the

one given by
∑

|f̂(n)|2(1 + |n|)2σ.
Since we are interested in Sobolev norms of functionals and not functions, we

note that the L2-Sobolev norm of a functional l ∈ C−∞(S1) with respect to Sσ is

given by ||l||2Sσ
= S2

−σ(l) =
∑

n |l̂(n)|2(1+ |n|)−2σ, where l̂(n) = l(eint) are Fourier
coefficients of l.

Example. The Dirac δ-function satisfies δ̂(n) = δ(eint) = 1. Hence S2
σ(δ) =∑

|1|2(1 + |n|)2σ < ∞ iff σ < − 1
2 .

The fundamental theorem about Sobolev norms is the celebrated

Sobolev Restriction Theorem. Let M be a manifold (or a domain in Rm),
dimM = m. For any f ∈ C∞(M), the following bound holds:

|f(x)| ≤ CM · Sm
2
(f) for any x ∈ M.

We note that this bound is sharp (i.e., for a general function one can not im-
prove the bound above). In our setup we have dimX = 3, and hence the functional
I (which is given as the evaluation at a point!) should be bounded in the 3/2-
Sobolev norm. In fact, all functions in the space Vπ satisfy the second order partial
differential equation (the Casimir equation), and the theory of partial differential
equations (which we will not discuss here) allows one to “reduce” dimensions by
one, i.e., the functional I is in fact bounded by the first Sobolev norm on X. It
turns out that from representation theory we have an even stronger bound:

Theorem 1. ([4]) Let (π, ν) be an automorphic representation (of a principal se-
ries on a compact space X = Γ\G), and I the corresponding Γ-invariant functional
on Vπ ≃ C∞

even(S
1). The functional I is bounded with respect to the norm Sσ for

any σ < − 1
2 .

This means that the functional I is in the same class as the δ-function (with
respect to L2-Sobolev norms only!): if I =

∑
Cne

int is the Fourier expansion of
the functional I, then

S2
σ(I) =

∑
|Cn|2(1 + |n|)2σ < ∞ ,

if (and only if) σ < − 1
2 . Note that I is invariant with respect to the group Γ

acting ergodically on S1, while δ-function is supported at one point!
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Remarks.
1. In fact, Theorem 1 is completely general: Let Γ ⊂ G be a lattice in a real

reductive group, and (π, ν) be a (unitary) irreducible automorphic representation
appearing discretely in L2(X). Assume that the invariant Hermitian form Pπ is
isometric to the standard Hermitian form on L2(X). Let N be a G-continuous
Hermitian norm on Vπ. Then ∥I∥N ≤ CΓ · tr(P |N), where tr(·|·) is the relative
trace of Hermitian forms. For P > 0 and 0 ≤ N ≤ P two Hermitian forms, there
is an operator AN which defines N via P . In that case we have tr(P |N) = trAN

(see the Appendix in [4]).
For example, Sσ is defined by the operator A(en) = (1+|n|)2σen with respect to

the unitary form ⟨·, ·⟩Lπ on π. Hence we have Sσ(en) = ⟨A(en), en⟩Lπ = (1+|n|)2σ.
2. The bound in Theorem 1 implies a bound for the growth of automorphic

functions. Namely we have

|ν(σ)(g)| = |I(π(g)v)| ≤ CΓ · ∥I∥N · N(π(g)v)︸ ︷︷ ︸
“computable”

.

The quantityN(π(g)v) could be estimated explicitly in the model ofN on C∞(S1),
while CΓ and ∥I∥N are more difficult to estimate effectively. See [12], [13] and [14]
for some examples.

3. What about Eisenstein series?! The corresponding Frobenius morphism
νs : πs → L2(X) is not “defined” (i.e., it is not into L2(X)), and hence the standard
Hermitian form on πs (for unitary πs) does not correspond to the Hermitian form
on L2(X). This example has not been worked out yet.

1.5 A Curious Application: Meromorphic continuation of a
double Dirichlet series

We quickly consider a curious application of Frobenius reciprocity discussed above
(here we follow [12]). The aim is to show meromorphic continuation of a Dirichlet
series constructed out of periods of automorphic functions. Our automorphic
representations and the corresponding functionals will come from Eisenstein series,
although the same considerations could be applied to cusp forms.

Let K/Q be a CM -field. We consider the simplest example of K = Q(i). This
case allows an “elementary” treatment in terms of the Lerch zeta function, but the
approach we present below applies in general, including cuspidal representations.

Consider Hecke characters of K given by χn =
(

z
|z|

)4n
, n ∈ Z. The set of such

Hecke characters could be described as the set Xun of maximally unramified Hecke
characters of Q(i). The corresponding Hecke L-function is given by

L(s, χ) =
∑

a∈Ix
O=Z[i]/{±1,±i}

χ(a)N(a)−s

for R(s) > 1, and then analytically continued.
Consider a Double Dirichlet Series

DE(s, w) = L(s, χ0) +
∑

n∈Z\0

L(s, χn) · |n|−w, for Re(w) ≫ 1.
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Claim. DE(s, w) defines a meromorphic function on C2.

1.5.1 Torus Periods of Eisenstein series

We start with the classical
Observation : Es(i) = ξK(s).

In fact, a more general relation holds. We recall a classical result due to Hecke
and Maass. We present it in (a more transparent) adelic language. Let G =
GL2. By specifying an isomorphism K× ⊂ AutQ(K) ≃ AutQ(Q2), we obtain the
corresponding tori TK ⊂ GL2 defined over Q. For s ∈ C, s ̸= 1, let Es ≃ ⊗̂p≤∞Es,p

be the automorphic representation ofGAQ corresponding to the classical normalized
Eisenstein series (given by Es(z) =

∑
c,d y

s/|cz + d|2s for Re(s) > 1, where the

summation is over (c, d) ∈ Z2\(0, 0)). In this normalization, the unitary Eisenstein
series corresponds to Re(s) = 1

2 . We consider vectors in E which are pure tensors
of the form v∞ ⊗ vf ∈ Es where vf = ⊗p<∞vp is the standard Kf -fixed vector for
the maximal compact subgroup Kf of G over finite adels, and v∞ is an arbitrary
vector in the infinite component Es,∞ of Es. Recall that the theory of Eisenstein
series provides the automorphic realization Es(v, g) (i.e., a function on XA) for a
vector v ∈ Ds in the principal series representation Ds of GAQ . The space Ds is
realized in the space of homogeneous functions with respect to A×

Q action on the

space ZAQ = NAQ\GAQ =
∏′

p≤∞ NQp\GQp . The space Ds has the natural structure

of the (restricted) tensor product Ds ≃ ⊗̂p≤∞Ds,p coming from the above product
structure of ZAQ (unlike the space Es where the tensor product is not described
in terms of the underlying space XA = GQ \ GA). Here local components are
the spaces Ds,p of homogeneous functions on Np \Gp. Hence when talking about
models of the local representations Es,p, we use the spaces Ds,p (in fact, we only
use p = ∞ since we will not discuss ramified Hecke characters).

Proposition 2. (Hecke-Maass-Siegel) Let v = v∞ ⊗ vf ∈ Es be a vector with
everywhere unramified standard finite components. We have then∫

ZG(AQ)TK(Q)\TK(AQ)

Es(v, t)χ(t)dt = I∞(s, χ∞, v∞) · L(s, χ) , (1.2)

for any character χ = χ∞⊗χf : ZG(AQ)TK(Q) \TK(AQ) → C× (i.e., for a Hecke
character of K trivial on A×

Q ⊂ A×
K). Here the functional I∞(s, χ∞, ·) : Es,∞ → C

is given by

I∞(s, χ∞, v∞) =

∫
ZG(R)\TK(R)

v∞(t)χ∞(t)dt , (1.3)

for a vector v ∈ Ds,∞.

Proof. This follows from, the standard by now, unfolding (see [5]). For a generalK
and a Hecke character χ ofK, one has to take into account the ramification of χ. In
that case, the right hand side of (1.2) takes the form I∞(s, χ∞, v∞)

∏
ν∈S Iν(s, χν , vν)·

LS(s, χ) where S is the set of ramified for χ primes, and LS(s, χ) is the partial
L-function.
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Note that for K = Q(i), the group ZG(R)TK(R) could be naturally identified
with R× · O(2,R) ⊂ GL2(R). Hence for the Hecke character χn, the functional
I∞(s, χn,∞, ·) could be identified with the projection to the standard n’thK∞-type
in the representation Es,p (here K∞ = O(2,R) is the maximal compact subgroup
of G∞ = GL2(R)). Moreover, in the realization of Es,∞ as Ds,∞, this functional
is given by the integration against the character itself on the image of the compact
subgroup K∞ ⊂ Z∞ = N∞\G∞ coming from the archimedean part (TK)∞ ⊂ G∞
of torus TK . For other CM-fields, we obtain a compact subgroup conjugated to
O(2,R), and hence simply consider types with respect to that subgroup.

By abuse of notations, we denote by e ∈ GQ \ GAQ the image of the identity.
From the Plancherel formula for ZG(AQ)TK(Q) \ TK(AQ) (i.e., the Fourier expan-
sion w.r.t. characters of TK(AQ) trivial on ZG(AQ)TK(Q)), and Proposition 2
above, we see that the following expansion holds for a vector v = v∞ ⊗ vf ∈ Es

Es(v, e) =
∑

χn∈Xun

L(s, χn) · I∞(s, χn,∞, v∞) . (1.4)

1.5.2 Test vectors

In order to realize the series DK(s, w) as the right hand side of formula (1.4),
we need to construct a vector vw in the principal series representation satisfying
certain properties. We construct such a vector and make computations in the
model Ds,∞.

The plane realization. The basic affine space Z∞ is isomorphic to the punc-
tured plane R2 \ 0. This leads to the standard realization of the principal series
representation in homogeneous functions on the plane.

For a complex parameter τ ∈ C, consider the (smooth part of the) represen-
tation πτ of principal series whose realizations we discussed in Section 1.3. This
means that we realize the space of the representation as the space of smooth even
functions C∞

even(S
1) on the circle S1 (or on K∞). Hence in such a model the func-

tional I∞(s, χn,∞, ·) is given by the integration against the exponent einθ, i.e., the
scalar product with the standard n-th K∞-type.

An easy computation shows that in the above described normalization of the
principal series, the infinity component Es,∞ is isomorphic to the representation
of the principal series with the parameter τ = 1− 2s.

In order to realize the series DK(s, w), we need to construct the test vector
vw in the representation of the principal series π1−2s of G∞ = GL2(R) (with the
trivial central character) with the K∞-types satisfying v̂w(n) = |n|−w for even
integer n ̸= 0, and v̂w(0) = 1. Clearly such a vector exists in an appropriate
completion of π1−2s. For the unitary principal series (i.e., Re(s) = 1

2 ), the vector
vw belongs to the L2-Sobolev space SRe(w)−1/2(π1−2s) (see [4]).

Moreover, it is easy to see that such a vector has “local” singularities in a
natural model of the representation π1−2s. Namely, the (smooth part of the)
representation π1−2s of principal series has the above mentioned realization in the
space of smooth even functions C∞

ev (S
1) on the circle S1 (or on K∞).
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Let θ be the local parameter on S1 (e.g., θ ∈ [0, 2π)). Consider the following
vector in the circle model

uw(θ) = |θ|1+wf(w) , (1.5)

where f ∈ C∞
ev (S

1) is a smooth even function which is supported in a small neigh-
borhood of points θ = 0, π. We have then, for even integer n ̸= 0,

ûw(n) =

∫
S1

uw(θ)e
−inθdθ = |n|−w + r(f, w, n) ,

where r(f, w, n) is a holomorphic in w function rapidly decaying in |n| for every
fixed f and w. Moreover, the function r could be effectively bounded in terms
of derivatives of f . Together with relation (1.4) and known properties of K-finite
Eisenstein series (moderate growth in the type and analyticity in s), this implies
the following relation

Es(uw, e) = DK(s, w) +R(f, s, w) , (1.6)

where the function R is entire for (s, w) ∈ C2. This relation holds as long as
Es(uw, e) is well-defined. The theory of smooth Eisenstein series ([2], [7]) implies
that the value at a point for an Eisenstein series for a non-K-finite data is well-
defined as long as the defining vector is smooth enough (e.g., belongs to a certain
Sobolev space). In particular, Es(uw, e) is well-defined for big enough Re(w)
depending on s.

Hence in order to meromorphically continue the series DK(s, w), it is enough
to continue Es(uw, e). We do it strip by strip in the variable w for each fixed s.
Analyticity in s comes from the theory of smooth Eisenstein series.

1.5.3 Automorphic functionals

It is easier now to switch to a more classical language of representations of GL2(R)
(or in fact of PGL2(R) since we are interested in representations with the trivial
center character). Let XR = Γ \GR, for Γ = GL2(Z). We view automorphic rep-
resentations through the Frobenius reciprocity (see [4]). Let Es(g) be the classical
(normalized) non-holomorphic Eisenstein series for GL2(Z) as in section 1.5.1. The
theory of (smooth) Eisenstein series implies that the function Es(g) generates an
irreducible (for s ̸= 1) smooth representation Eiss ⊂ C∞(XR) which is isomorphic
to the (generalized) principal series representation π1−2s. Hence the evaluation at
e ∈ XR defines a Γ-invariant functional ℓ2s−1 ∈ HomΓ(π1−2s,C). This is Frobe-
nius reciprocity. The automorphic function (i.e., the automorphic realization) φv

corresponding to a vector v ∈ Vπ1−2s is given by φv(x) = ℓ2s−1(π1−2s(g)v).

It is natural to view the functional ℓ2s−1 as a (generalized) vector in the dual
representation π2s−1 (i.e., in the usual notations ℓ2s−1 ∈ V −∞

π2s−1
). We have the

canonical pairing ⟨·, ·⟩ : π1−2s ⊗ π2s−1 → C. We assume that this pairing co-
incides with the pairing on automorphic functions. Hence we have ⟨ℓ2s−1, v⟩ =
Es(v, g)|g=e for a vector v ∈ Vπ1−2s .
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1.5.4 Hecke operators

We consider Hecke operators acting on automorphic representations of GR. The
theory of Hecke operators provides for each integer prime p, a collection of elements
γi ∈ GL2(Q), 0 ≤ i ≤ p such that the Hecke operator acting on the space C∞(XR)
is given by

Tp(f)(x) =
1
√
p

∑
i

f(γix) . (1.7)

The Eisenstein series Es(g) is an eigenvector with the eigenvalue λp(s) = p
1
2−s +

ps−
1
2 . The operator Tp is a scalar operator on the space Eiss (or in fact on any

automorphic representation of GR coming from an adele automorphic representa-
tion). It turns out that, as a result, the functional ℓ2s−1 is an eigenfunction of some
operators with the same eigenvalue λp(s) (or rather with λp(1− s) = λp(s)) with
respect to the usual action on the right by GR on the automorphic representation
Eis1−s (the dual of Eiss)

1.

1.5.5 Hecke and Frobenius

Let ν : Vπ → C∞(X) be an automorphic representation. We consider only rep-
resentations with the trivial central character. Hence a vector v ∈ Vπ (in an
abstract representation π) has the corresponding automorphic realization φv(x) =
ν(π(g)v) ∈ C∞(X). Let ℓν be the given corresponding automorphic functional.
We write ℓπ suppressing ν and view it as a (generalized) vector in the dual rep-
resentation π∗. We denote by ⟨·, ·⟩ : π ⊗ π∗ → C the natural pairing. We assume
that it coincides with the pairing on X for automorphic realizations of π and π∗

(at least for cuspidal ν).
It turns out that the functional ℓπ is an eigenfunction of some similarly looking

operators with the same eigenvalue λp(π) with respect to the usual action of G on
the right on functions on X.

Let Tp = 1√
p

∑
i γ

−1
i be the element in the group algebra of G, where elements

γi are as in (1.7). We have

⟨π∗(Tp)ℓπ, v⟩ =
1
√
p

∑
i

⟨π∗(γ−1
i )ℓπ, v⟩ =

1
√
p

∑
i

⟨π(γi)∗ℓπ, v⟩

=
1
√
p

∑
i

⟨ℓπ, π(γi)v⟩ =
[ 1
√
p

∑
i

ν(v)(xγi)
]∣∣

x=e

=
[
Tp(ν(v))(x)

]∣∣
x=e

= λp(π) · ν(v)(e) = λp(π) · ⟨ℓπ, v⟩

for any v ∈ Vπ. Hence we have

π∗(Tp)ℓπ =
1
√
p

∑
i

π∗(γi)ℓπ = λp(π) · ℓπ . (1.8)

1There is no “action” of Tp on π1−2s. It acts as a scalar operator on the automorphic
realization Eiss! The formula (1.7) does not come from the group algebra action of GL2(R).
However, on the special vector ℓ2s−1 this scalar action coincides with the action of an operator
(given by the same elements appearing in Tp) coming from the group action of GL2(R) on π2s−1.
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We also have (essentially from the definition)

⟨π∗(Tp)ℓπ, v⟩ = ⟨ℓπ, π(T ′
p )v⟩ , (1.9)

where π(T ′
p ) =

1√
p

∑
i π(γi) is the action of an element in the group algebra (and

not the Hecke operator acting on the automorphic representation (π, ν) by the
scalar λp(π)).

1.5.6 Approximate eigenvectors

It will be crucial for us that all elements γi appearing in the description of Hecke
operators above could be chosen in the same Borel subgroup. The (convenient
to us) classical choice for these elements is γi =

(
1 0
i p

)
for 0 ≤ i ≤ p − 1 and

γp =
(
p 0
0 1

)
.

The main observation is that all elements γi preserve the point θ = 0 (under
the natural action on S1), the singularity of the vector uw. As a result, the vector
uw is essentially an eigenvector of certain operators related to Tp. We have the
following elementary

Lemma 3. Let πτ be a principal series representation of PGL2(R), p an integer

prime and T ′
p = p−

1
2

∑
γi the element in the group algebra defined for γi as above.

For any σ ∈ C and a smooth function g ∈ C∞(S1) with a small enough support
around θ = 0, the following relation holds

πτ (T ′
p )(|θ|σ · g(θ)) = βp(τ, σ) · |θ|σgτ,σ(θ) , (1.10)

where the function gτ,σ is a smooth function (in θ) holomorphically depending on
τ and σ, and βp(τ, σ) = pσ−τ/2+1 + p−σ+τ/2−1. Moreover, we have gτ,σ(0) = g(0)
for all τ and σ.

Here we view all functions of the variable θ (possibly depending on complex
parameters τ and σ) as (a family of) vectors in πτ (realized in the same space
C∞

ev (S
1), but with the action of PGL2(R) depending on τ).

Proof. It is easier to write formulas in the line (or unipotent) model of πτ . We recall
that the principal series representation πτ ofGL2(R) with the trivial character (i.e.,
representation of PGL2(R)) has a realization in the space of functions on the real
line (or more appropriately on the unipotent subgroup), and the action is given

by πτ (g)f(t) = f(g−1t)|det g| τ−1
2 . Specializing to the (lower) Borel subgroup, we

have πτ (( a 0
b c )) f(t) = f(a−1t/(−bt/ac+ c−1))| − bt/ac+ c−1|τ−1|ac| τ−1

2 .
Consider a vector v(θ) = |θ|σ ·g(θ) in the circle model of the representation πτ .

Assume that g is a smooth function and has small support around θ = 0. Clearly
in the line model, such a vector is given by v(t) = |t|σ g̃τ,σ(t) for some smooth
function g̃τ,σ supported near t = 0, and depending holomorphically on τ and σ.

Hence for γi as above and f ∈ C∞(R) supported in a small enough neighbor-

hood of 0 ∈ R, we have πτ (γi) (|t|σf(t)) = pσ−
τ−1
2 |t|σfτ,σ,i(t) for 0 ≤ i ≤ p − 1,

and πτ (γp) (|t|σf(t)) = p−σ+ τ−1
2 |t|σfτ,σ,p(t), where functions fτ,σ,i are smooth
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compactly supported functions on R (depending on τ , σ and γi). Hence we have
πτ (T ′

p ) (|t|σf(t)) = (pσ−τ/2+1 + p−σ+τ/2−1)|t|σFp,τ,σ(t) for some smooth function
Fp,τ,σ. Evaluating both sides at t = 0, we obtain the last claim.

1.5.7 Meromorphic continuation

Methods of Analytic Continuation:

1. Integral representations (Riemman, Hecke, Rankin-Selberg)

2. Differential equations (Riemann, Selberg, Langlands, Bernstein)

3. Strip by Strip (Euler, Riemann, M. Riesz-Bernstein, Minakshisandaram-
Pleijel, Seeley)

We will follow the last method. The idea is to find an operator T in a group
algebra of PGL2(R) such that T · f(s) = b(s)f(s + 1). Such an operator exists
and is related to Hecke operators.

We have the following main result.

Theorem 4. Let E(s, z) be the classical (normalized) Eisenstein series for Γ =
PGL2(Z) and ℓ2s−1 the corresponding automorphic functional on the irreducible
representation π1−2s of the principal series of PGL2(R). Let vw,z be a vector
such that in the line model of π1−2s it is given by vw,z(t) = |t|w+1fz(t), where
w ∈ C, Re(w) ≫ 1, and fz ∈ C∞(R) is a smooth function of compact support
holomorphically depending on z ∈ C. Then the function defined for Re(w) ≫ 1,
by ℓ2s−1(vw,z) is a function meromorphic in s, w and z.

In other words, the value at the identity for the Eisenstein series E(s, vw,z, g)
is meromorphic in s, w and z function.

Proof. We proceed by induction. Let {Fz}z∈Z be an analytic family of compactly
supported smooth functions on R. It follows from the theory of smooth Eisen-
stein series ([2], [7], [15]) that the functional ℓ2s−1 belongs to some Sobolev space
completion of the representation π2s−1

2. This implies that for fixed s (s ̸= 1), the
value of the Eisenstein series at the identity, which is given by the pairing

E(s, |t|w+1Fz(t), e) = ⟨ℓ2s−1, |t|w+1Fz(t)⟩ ,

is well-defined for Re(w) ≥ T for some T = Ts > 0 which depends on s. Moreover,
the function E(s, |t|w+1Fz(t), e) is analytic in the parameter z ∈ Z.

Consider the operator T ′
p from Lemma 3, and the function gw+1(t) = βp(1 −

2s, w) ·vw,z −π1−2s(T ′
p )(vw,z). Lemma 3 implies (via the computation of the germ

at t = 0) that we can write gw+1(t) = |t|w+2g̃p,s,w,z(t), where g̃p,s,w,z is a smooth
compactly supported function analytically depending on all parameters. Hence
the function gw+1 belongs to the Sobolev space on which the functional ℓ2s−1 is

2Of course, in this particular case the smooth extension of Eisenstein series follows directly
from its Fourier expansion in terms of the Riemann zeta function and the well-known bounds
from analytic number theory.
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well-defined for w in a bigger region Re(s) ≥ T −1. This implies the meromorphic
continuation to a bigger strip. Namely, it follows from (1.9) and (1.8) that

⟨ℓ2s−1, gw+1⟩ = ⟨ℓ2s−1, βp(1− 2s, w) · vw,z − π1−2s(T ′
p )(vw,z)⟩

= βp(1− 2s, w)⟨ℓ2s−1, vw,z⟩ − ⟨π2s−1(Tp)ℓ1−s, vw,z⟩
=

[
βp(1− 2s, w)− λp(s)

]
· ⟨ℓ2s−1, vw,z⟩ .

The left hand side is defined for Re(w) > T −1. Hence we obtain the meromorphic
continuation of ⟨ℓ2s−1, vw,z⟩ to the half-plane Re(w) > T − 1 which is to the left
of the half-plane Re(w) ≥ T where ⟨ℓ2s−1, vw,z⟩ was originally well-defined.

2 Bounds on Periods and Representation Theory

In this section, we consider periods of automorphic functions. The aim is to use
representation theory in order to obtain meaningful bounds on certain periods.

2.1 A typical question

We consider as before G = PGL2(R), a lattice Γ ⊂ G, which we assume for
simplicity to be co-compact, if not stated otherwise. Consider the (compact)
hyperbolic Riemann surface Y = X/K = Γ \ G/K. Let ℓ ⊂ Y be a curve (e.g.,
a closed geodesic). Let φλ be a Maass form of norm one (i.e., a norm one K-
fixed vector in irreducible automorphic representations πλ) with the eigenvalue

µ = 1−λ2

4 .
A typical problem appearing in various areas of Mathematics (Number Theory,

PDE, Mathematical Physics) is to bound the following quantities:

a)
∫
ℓ
φλdℓ as λ → ∞,

b)
∫
ℓ
|φλ|2dℓ as λ → ∞,

c)
∫
ℓ
φλ(θ)e

−inθdθ as |n| and/or |λ| tend to ∞. Here we assume that ℓ is
closed, and denote by θ the natural parameter on ℓ ≃ S1.

This is a sample of analytic questions and there are other similar interesting
problems. These questions are of interest in Number Theory (as they involve
L-functions) and in the theory of PDE (related to Quantum Chaos).

We must admit that for questions a) and b) we do not have techniques to
obtain non-trivial results which go beyond general results in PDE theory (but
Analytic Number Theory can answer these in special situations). For the question
in c), we have some methods to advance beyond the “trivial” bound, although
only in the direction |n| → ∞ and λ is fixed.

We translate these problems into representation theory language. For this we
have to restrict the choice of curves ℓ ⊂ Y . The representation theory methods
can only deal with those appearing as orbits of some subgroups in G. Namely,
consider the projection p : X → Y . All our curves will be images of curves in X
projected to Y under p. Hence we are looking for orbits of a subgroup H ⊂ G:
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ℓ = x0 · H ⊂ X. For the reasons that will be clear later, we can only deal with
closed orbits (although non-closed ones are also extremely interesting). In that
case there are three types:

2.1.1 Examples

1. Closed horocycles (Y is not compact).

H = {( 1 t
0 1 )} t ∈ R

such that H ∩ Γ ̸= e. The horocycle is then the curve Γ ∩H \H ≃ S1 projected
to Y .

2. Closed geodesics.

H =
{(

a 0
0 a−1

)}
a ∈ Rx .

Let γ0 be a hyperbolic element. Let g ∈ G be such that

gγ0g
−1 =

(
α 0
0 α−1

)
1 ̸= α ∈ Rx .

Then we have the orbit gH ≃ S1 ⊂ X which is closed. Any closed geodesic is
realized in such a way (after the projection to Y ).

3. Geodesic circles. H is a compact (connected) subgroup. Let K = PSO(2)
and H = gKg−1 for some element g ∈ G. Orbits, projected to Y (all of them are
closed), of H are geodesic circles B(y, r) = {z ∈ Y |dist(z, y) = r} centered at a
point in Y .

2.2 Periods and uniqueness

Let φλ be a Maass form (on Y ) (or holomorphic form) and (πλ, Vλ, νλ) the cor-
responding automorphic representation (i.e., νλ : Vλ → C∞(X)) generated by
φλ.

We consider first the integral
∫
ℓ
φλdℓ. It clearly defines a functional dℓ : Vπ → C

given by the same formula: dℓ(v) =
∫
ℓ
ν(v)dℓ. The functional dℓ is H-invariant,

i.e., dℓ ∈ MorH(Vπ,C). More generally, let χ : H → C be a character of H such
that it descends to a function on ℓ. This means that χ

∣∣
H∩CentH(ℓ)

≡ 1 (it is

easy to see that the subgroup CentH(ℓ) ⊂ H acting trivially on ℓ is of the form
CentH(ℓ) = gΓg−1 ∩ H for some g ∈ G). Then dχℓ (v) =

∫
l∈ℓ

ν(v)(l)χ−1(l)dℓ ∈
MorH(Vπ, χ) gives a χ-equivariant functional.

2.2.1 Uniqueness

One of the very fruitful observations is that in many interesting cases the cor-
responding vector space MorH(Vπ, χ) is 1-dimensional, i.e., such a functional is
unique (up to a multiplicative constant). This phenomenon usually is called mul-
tiplicity one, multiplicity free or a Gelfand pair. The uniqueness allows one to
define numerical invariants of automorphic functions, e.g., Fourier coefficients of
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automorphic forms, etc. This is done by choosing the standard (or sometimes
called model) functional in MorH(Vπ, χ).

Let (π, ν), H, ℓ and χ be as before. The integral dautχ (v) =
∫
ℓ
ν(v)(ℓ)χ−1(ℓ)dℓ

defines the corresponding equivariant functional on Vπ. We call it the automorphic
functional corresponding to ℓ and χ. Note that dautχ depends on ν, and on the

measure dℓ. Suppose we choose a functional dmod
χ ∈ MorH(Vπ, χ) in some other

way. We call such a functional a model functional. It is defined in terms of
the abstract representation π without any use of the automorphic realization ν.
Because of the multiplicity one, we obtain a number aχ,ν = aχ given by

dautχ = aχ · dmod
χ .

(Of course, the coefficient aχ depends on the choice of dmod
χ !) We consider the

familiar example of Fourier coefficients of Maass forms.

Examlpe. Let H = N = {( 1 t
0 1 )} be the unipotent subgroup. Let χ : R → C

be the additive non-trivial character which is trivial on Z (i.e., χ(t) = χn(t) =
eint). We view it as the character of N in the obvious way. Let (π, Vπ, ν) be an
automorphic representation of PGL2(R) of principal series, and assume that Γ
has the reduced cusp at ∞ (e.g., Γ = PGL2(Z)). We choose the familiar model
Vπ ≃ C∞

λ (R).
As N acts by translations x 7→ x + t, the functional dmod

χ could be chosen to
coincide with the standard Fourier transform:

dmod
χ (v) =

∫
R
v(x)e−inxdx.

In particular, let us compute it on a K-fixed vector for the representation
π ≃ πλ. It is easy to see that in such a model the K-fixed vector is given by

eλ(x) = c0(1 + x2)
λ−1
2 ,

with c0 = 1√
π
being the normalization constant.

Hence we have

dmod
λ (eλ) =

∫
(1 + x2)

λ−1
2 e−inxdx =

|n|
2

−λ
2

Kλ
2
(n),

where Ks is the classical K-Bessel function. Hence dautχ (eλ) = aχ,λ · dmod
χ (eλ),

where aλ,χ = an is the classical Fourier coefficient of Maass form φλ.

Let us return to questions a), b), c). We can try to bound an by a pointwise
bound on φλ = ν(eλ) using the improved Sobolev Restriction Theorem 1. How-
ever, there is a simpler general argument (see [3]), which gives more information.
Consider the L2 norm of the restriction to the orbit ℓ for a general vector v ∈ Vπ:∫

ℓ

|φv|2dℓ =
∑
χk

|dautχk
(φv)|2 =

∑
χk

|aχk
|2|dmod

χk
(v)|2 ,
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where dmod
χk

(v) =
∫
R v(x)e−ikxdx and φv = ν(v). Let us integrate this identity

over a small fixed ball B ⊂ G. We obtain:

∥v∥2L2 ≥
∫
ℓ·B is open

|φv|2dℓ =
∑
χk

|aχk
|2
∫
B

|dmod
χk

(π(g)v)|2dg.

Let v = vT ∈ Vλ be a test vector of the form vT (x) = T ·v0(Tx) for a real parameter
T ≥ 1, where v0 is a fixed smooth non-negative function of small support around
0. Note that ∥vT ∥2L2 is of order of T .

It is easy to see that there are no cancelations in the integral dmod
χk

(vT ) =∫
R vT (x)e

−ikxdx as long as max{|λ|, |k|} ≤ AT for A > 0 some fixed constant
independent of k, T and λ. Hence we arrive at

Proposition (Mean-value bound). There exists an effective constant c > 0 such
that ∑

|k|≤T

|aλ,χk
|2 ≤ c ·max{|λ|, T}.

For a single coefficient, this gives “convexity” bounds |aλ,χk
| ≤ c|k|1/2 and

|aλ,χk
| ≤ c|λ|1/2.

Conjecture (Ramananjun–Peterson, Lindelöf). |aλ,χk
| ≪ (1+ |λ|+ |k|)ε, ∀ε > 0.

The central question is how to break the bound |aλ,χk
| ≤ c|k|1/2.

Only for the case c) and λ fixed, there is a general result. However, for all
cases a), b), c), P. Michel and A. Vankatesh [9] obtained nontrivial bounds for
Hecke-Maass and Hecke holomorphic forms using deep arithmetic.

Using uniqueness of some other automorphic periods, one can prove the fol-
lowing result.

Theorem. ([12]) For a fixed π (i.e., for for a fixed λ), the following bound holds

|aπ,χk
| ≪Γ,π |k|1/3+ε, ∀ε > 0.

We note that this theorem holds uniformly for all three types of orbits in
Examples 2.1.1. In fact, the proof is the same in all three cases, and could be
viewed as an extension of the classical Rankin-Selberg method.

Acknowledgments. These notes mostly cover results which are joint with J. Bern-
stein whom I would like to thank for numerous fruitful discussions. It is also a
pleasure to thank CIMPA for the invitation to lecture at the Wehai School, and
J. Liu for making the visit possible.

The research was partially supported by a BSF grant, by the Excellency Cen-
ter of the Israel Science Foundation (grant 1691/10), and by the Emmy Noether
Institute for Mathematics (a Center of the Minerva Foundation of Germany).

References

[1] Bernstein, J., Analytic continuation of generalized functions with respect to
a parameter, Functional Anal. Appl. 6 (1972), 273–285.



17

[2] Bernstein, J., Kroetz, B., Smooth Frechet globalizations of Harish-Chandra
modules, preprint.

[3] Bernstein, J. and Reznikov, A., Estimates of automorphic functions, Moscow
Math. J. 4 (2004), no. 1, 19–37,

[4] Bernstein, J., Reznikov, A., Sobolev norms of automorphic functionals. Int.
Math. Res. Not., 2002, no. 40, 2155–2174.

[5] Garrett, P., Standard compact periods for Eisenstein series, notes on home-
page.

[6] Gelfand, I., Graev, M., Piatetski-Shapiro, I., Representation Theory and Au-
tomorphic Forms. Saunders, 1969.

[7] Lapid, E., A remark on Eisenstein series, Eisenstein series and its applications,
239–249, Progress in Math., v. 258, Birkhauser 2008.

[8] Lang, S., SL2(R). Springer, GTM105, 1985.

[9] Michel, P., Venkatesh, A., The subconvexity problem for GL2. Publ. Math.
Inst. Hautes Études Sci. No. 111 (2010), 171–271.

[10] Ol’shanski, G., On the duality theorem of Frobenius, Funct. Anal. Appl. 3
(1969), no. 4, 295–302.

[11] Reznikov, A., A Double Dirichlet Series for Hecke L-functions of a CM-field,
arXiv:1008.0995 (2010).

[12] Reznikov, A., Rankin-Selberg identities without unfolding and bounds for
spherical Fourier coefficients of Maass forms, Journal of AMS, 21 (2008), no.
2, 439–477.

[13] Reznikov, A., Geodesic restrictions and representation theory, arXiv:
math.RT/0403437 (2004).

[14] Reznikov, A., Geodesic restrictions for the Casimir operator, arXiv:1012.2853
(2010).

[15] Waldspurger, J.-L., Sur les valeurs de certaines fonctions L automorphes en
leur centre de symétrie. Compositio Math. 54 (1985), no. 2, 173–242.

[16] Wallach, N., Real reductive groups. I. Pure and Applied Mathematics, 132.
Academic Press, Boston, MA, 1988.


